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ON THE WAVEFRONT SETS ASSOCIATED WITH THETA
REPRESENTATIONS
FAN GAO AND WAN-YU TSAI
Abstract. We study a conjectural formula for the maximal elements in the wavefront
set associated with a theta representation of a covering group over p-adic fields. In
particular, it is shown that the formula agrees with the existing work in the literature
for various families of groups. We also recapitulate the results of an analogous formula
in the archimedean case, which motivated the conjectural formula in the p-adic setting.
Contents
1. Introduction 1
2. Wavefront set for Θ(π†, ν) 3
3. Generic Θ(π†, ν) 10
4. Covers of Sp2r and GLr 17
5. The archimedean analogue 21
6. Some remarks 30
References 31
1. Introduction
Let F be a local field of characteristic 0 with algebraic closure denoted by F . Let G
be the F -rational points of a connected reductive group. Assume that F× contains the
full group µn of n-th roots of unity. In this paper we mainly consider a central cover
µn G G
of G by µn arising from the Brylinski–Deligne framework [BD01].
Every irreducible admissible representation (π, Vπ) of G defines a character distribution
χπ in a neighborhood of 0 in g = Lie(G). Assume that F is a p-adic field and G is split.
It follows from the work of Howe [How74] and Harish-Chandra [HC99] for linear groups
and its extension to covering groups by W.-W. Li [Li12] that there exists a compact open
subset Sπ of 0 such that for every smooth function f with compact support in Sπ, one
has
(1.1) χπ(f) =
∑
O∈N
cO ·
∫
fˆ µO,
where N denotes the set of nilpotent orbits in g under the conjugation action of G. Here
µO is a certain Haar measure on O properly normalized, and fˆ is the Fourier transform
of f with respect to the Cartan–Killing form on g and a non-trivial character
ψ♮ : F → C
×;
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one has cO := cO,ψ♮ ∈ C. See the references mentioned above and [MW87,Var17]. An
analogue of (1.1) for F = R was given by Barbasch–Vogan [BV80], see the discussion in
§5.1.
Denote
Ntr(π) = {O ∈ N : cO 6= 0}
and let
Nmaxtr (π) ⊂ Ntr(π)
be the subset consisting of all maximal elements in Ntr(π) with respect to the partial
order O1 6 O2, which is defined by O1 ⊂ O2. Here O denotes the topological closure of
O. The wavefront set of π is given by
WF(π) =
⋃
O∈Ntr(π)
O,
which contains elements in Nmaxtr as the maximal nilpotent classes. It is known that the
set Nmaxtr (π) is equal to the set of maximal nilpotent orbits with respect to which the
generalized Whittaker models for π are nontrivial, see [MW87,Var14,PP15].
While the two sets Ntr(π) and {cO : O ∈ Ntr(π)} contain deep and important arith-
metic and representation-theoretic information of π, they are not easily accessible and
there is no simple formula to compute them, see for instance [HII08a,HII08b,HC99] and
references therein. The reader is also referred to the work of Ginzburg [Gin06,Gin14] for
global analogue and open questions for automorphic representations.
A particularly important case is that Nmaxtr (π), when taken closure in g ⊗ F , is the
minimal orbit Omin, whence π is called a minimal representation [Tor97,GS05]. In fact,
for the existence of such a minimal representation, it is necessary to relax the condition so
that π may be a genuine representation of a finite degree central cover of G. For example,
for Sp2r the Weil representation is a minimal representation defined on the double cover
Sp
(2)
2r . For simply-laced groups G, minimal representations are studied and constructed
(whenever they exist on G) by Kazhdan and Savin [KS90,Sav94]. For exceptional groups
one can refer to the work as in [Sav93,Rum97,LS08a].
Such minimal representations play a pivotal role in various instances of liftings of
representations. Indeed, the Weil representation enables the classical theory of theta
liftings. A cubic correspondence between SL
(3)
2 and SL2, both local and global, was
established by using the minimal representations on G
(3)
2 , see [GRS97]. For liftings using
the minimal representation on F
(2)
4 , see [Gin19].
Even if π of G is not a minimal representation, it is possible to analyze the decompo-
sition of π to a pair of mutual centralizer subgroups and thus have an analogous lifting
of representations, as long as the representation is “small” enough, in the sense that
Nmaxtr (π) contains small nilpotent orbits. Such small representations are most often the
residues of certain Borel Eisenstein series or closely related representations. When the
degree n of the covering is small, it is expected that such a residual representation is
small. For example, such small representations and its entailed theory of liftings for
SO
(4)
2r+1 were discussed in [BFG03,BFG06, LS08b]; similar analysis for the double cover
GSp
(2)
2r+1 was also carried out in [Kap17].
For degree-four cover of Sp2r, a theory of theta lifting was investigated by Leslie [Les19].
For Sp
(n)
2r with odd n, the theta representations were studied in depth by Friedberg
and Ginzburg towards a theory of generalized theta liftings and descent on such high
degree covers of Sp2r, see the series of papers [FG18,FG17a,FG17b,FG]. In particular, in
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[FG17b,FG] the authors gave a conjectural description of Nmaxtr (Θ(Sp
(n)
2r )) for the theta
representation of Sp
(n)
2r , which asserts that
Nmaxtr (Θ(Sp
(n)
2r ))⊗ F :=
{
O ⊗ F : O ∈ Nmaxtr (Θ(Sp
(n)
2r ))
}
equals the symplectic collapse of the partition (nqt) of 2r, where 2r = qn + t with
0 6 t < n. In fact, this conjectural formula for Nmaxtr (Θ(Sp
(n)
2r ))⊗F could be viewed as a
natural analogue for the case of Kazhdan–Patterson covers GL
(n)
r . Indeed, it was shown
by Savin [Sav] and Y.-Q. Cai [Cai19] that
Nmaxtr (Θ(GL
(n)
r )) = {(n
qt)} ,
where r = qn+ t with 0 6 t < n.
1.1. Main result. Since it is important to determine the set Nmaxtr (Θ(G)) for a covering
group, the goal of our paper is to point out a unified (conjectural) recipe of computing
this set and also cO with O ∈ Nmaxtr (Θ(G)) for a persistent covering group. The for-
mula for Nmaxtr (Θ(G))⊗F relies on a certain Macdonald representation and the Springer
correspondence, see Conjecture 2.5 for details. The main results constitute the following:
(i) In §3, we verify parts of Conjecture 2.5 for generic Θ(G), i.e., when it possesses
a nontrivial Whittaker model, see Theorem 3.7. In fact, we also state a natu-
ral generalization of Conjecture 2.5 for all constituents of an unramified regular
principal series, see Conjecture 2.6.
(ii) In §4, we show that Conjecture 2.5 is compatible with the work of Friedberg–
Ginzburg and Y.-Q. Cai for Sp2r and GLr respectively, see Theorems 4.1 and
4.3. In addition, for Sp
(4)
2r , SO
(4)
2r+1 and GSpin
(2)
2r+1, we also show that Conjecture
2.5 agrees with the respective work [Les19], [BFG03] and [Kap17], as mentioned
above; see the end of §4.
(iii) In §5, we consider the archimedean analogue of Conjecutre 2.5, and recapitulate
the relevant work in the literature, see Theorem 5.6 for the main result. As
an application, we discuss about the complex and real case separately. A special
family in the real case concerns the Langlands quotients of certain pseudospherical
principal series studied in [ABP+07], which are just the theta representations we
focus in this paper. The results on such family of representations, as discussed in
§5.4.1, gave us the initial motivation to the formulation of Conjecture 2.5.
In the last section §6, we remark on several (lacking) aspects of the formulation in
Conjecture 2.5, including some possibility on the uniformization of a statement for all
local fields, and on the relation with the generalized Whittaker space as studied in [MW87,
GGS17,GGS] and so on.
In this paper, we follow the standard notations and terminologies from the work of
Brylinski–Deligne [BD01] and also those in [Wei18, GG18]. We also use the following
notations:
– ⌊x⌋ ∈ Z to denote the integral part of x ∈ R,
– [a, b] to denote [a, b] ∩ Z for every a, b ∈ Z.
2. Wavefront set for Θ(π†, ν)
Let F be a local field of characteristic 0 endowed with a valuation | · |F . If F is p-adic,
then we denote by OF ⊂ F the ring of integers and by ̟ a fixed uniformizer. Let G be
the F -rational points of a split reductive group over F . Denote by
(X, Φ, ∆; Y,Φ∨,∆∨)
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the root datum of G, where X is the character lattice and Y the cocharacter lattice of
a split torus T ⊂ G. Here ∆ is a choice of simple roots, and Y sc ⊂ Y is the coroot
sublattice and Xsc ⊂ X the root lattice.
Let
Q : Y −→ Z
be a Weyl-invariant quadratic form, and let BQ be the associated bilinear form. One has
an associated covering group G := GQ of G by µn. The dual group G
∨
has a root datum
(YQ,n, ∆
∨
Q,n; XQ,n, ∆Q,n).
Here YQ,n ⊂ Y is the character lattice of G
∨
given by
YQ,n = {y ∈ Y : BQ(y, z) ∈ nZ for all z ∈ Y } ,
and XQ,n := Hom(YQ,n,Z). The set ∆
∨
Q,n consists of the re-scaled simple coroots
α∨Q,n := nαα
∨ :=
n
gcd(n,Q(α∨))
α∨.
Let Y scQ,n ⊂ YQ,n be the sublattice spanned by ∆
∨
Q,n.
2.1. Theta representations. We have the following relations among various real vector
spaces:
(2.1)
Hom(Y,R) X ⊗R XQ,n ⊗R Hom(YQ,n,R) Hom(Y scQ,n,R).
f
≃
φ
Here f is an isomorphism since X is a sublattice of XQ,n of the same rank, and the
surjectivity of φ follows from the elementary divisor theorem for the pair of lattices
Y scQ,n ⊂ YQ,n. If YQ,n and Y
sc
Q,n have the same rank, for example when G is semsimple,
then φ is also an isomorphism. We identify the first four real vector spaces in (2.1).
For every ν ∈ X ⊗R, there is a map
δν : T −→ C
×
given by
δν(y ⊗ a) = |a|
ν(y)
F
on the generators y ⊗ a ∈ T , where ν(y) is the natural pairing between Y and X ⊗R.
Let T ⊂ G be the covering torus of G. We assume that there exists a certain distin-
guished (finite-dimensional) genuine representation π† of T determined by a distinguished
genuine central character χ† of Z(T ); see [GG18, §6] for a discussion on the necessary
conditions for its existence. It is also shown in [GG18, Theorem 6.6] that the set of all
distinguished central characters of Z(T ) (and thus also distinguished representations of
T ), whenever exists, is a torsor over
Hom(F×/F×n, Z♥(G
∨
)),
where
Z♥(G
∨
) := Hom(YQ,n/(nY + Y
sc
Q,n),C
×) ⊂ Z(G
∨
).
Note that if G is simply-connected and semisimple, then nY ⊂ YQ,n and thus Z♥(G
∨
) =
Z(G
∨
). The character χ† is always Weyl-invariant and satisfies
χ†(hα(a
nα)) = 1
for every a ∈ F× and α ∈ ∆. Relying on a nontrivial additive character ψ : F → C× and
thus the associated Weil index, a detailed construction is given in [GG18, §7] of such a
distinguished central character denoted by χψ and the distinguished representation πψ.
WAVEFRONT SETS FOR THETA REPRESENTATIONS 5
For every ν ∈ X ⊗R, denote by
I(π†, ν) := IndG
B
(π† ⊗ δν)
the normalized induced principal series of G. If F is non-archimedean, then the space
I(π†, ν) consists of locally constant functions on G valued in the finite-dimensional space
π† ⊗ δν . If F is archimedean, we further take the K-finite smooth vectors which afford
the structure as a (g, K)-module, where K ⊂ G is a fixed maximal compact subgroup.
By abuse of notation, we still use I(π†, ν) to denote this (g, K)-module. For F = R,
the representation I(π†, ν) is just the one studied in [ABP+07], see also the discussion in
§5.4.1.
Definition 2.1. A vector ν ∈ X ⊗ R is called an exceptional character if ν(α∨Q,n) = 1
for every α ∈ ∆.
It follows from the Langlands classification theorem for covers (see [BJ13]) that if
ν ∈ X ⊗R is exceptional, then we have
I(π†, ν)։ Θ(π†, ν),
where Θ(π†, ν) is the unique Langlands quotient of I(π†, ν).
Example 2.2. By definition, the map ν 7→ φ(ν) is constant on the exceptional characters
in X ⊗R, and in fact
φ(ν) =
∑
α∈∆
(ωα/nα) ∈ X
sc ⊗R ⊂ X ⊗R,
where ωα and ωα/nα are the fundamental weights associated with α
∨ and α∨Q,n respec-
tively. If the root system of G is of simply-laced type, then
φ(ν) = ρ/nα ∈ X ⊗R,
where ρ =
∑
α∈∆ ωα.
2.2. Saturated and persistent covers. A covering group G is called saturated (see
[Gao20, Definition 2.1]) if
Y sc ∩ YQ,n = Y
sc
Q,n,
where the one-sided inclusion ⊃ always holds. In general, for every α ∈ Φ one has
Z[α∨] ∩ YQ,n = Z[iα · α
∨
Q,n] with iα ∈ {1, 1/2} ,
and iα = 1/2 only if nα is even. Set
n˜α = iα · nα, α˜
∨
Q,n = n˜α · α
∨, and α˜Q,n = α/n˜α
for every α ∈ Φ, and
Φ˜∨Q,n :=
{
α˜∨Q,n : α ∈ Φ
}
.
Let
Y˜ scQ,n ⊂ YQ,n
be the sublattice spanned by Φ˜Q,n, and we call it the saturation of Y
sc
Q,n. One has
Y scQ,n ⊂ Y˜
sc
Q,n ⊂ YQ,n,
and if G is saturated, then Y scQ,n = Y˜
sc
Q,n. However, the converse may not hold, for an
example, see SL
(3)
3 whose dual group is SL3. In fact, we have an essentially complete
understanding of the case Y scQ,n ( Y˜
sc
Q,n as follows.
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Lemma 2.3. Let α ∈ ∆. If Zα∨ ∩ YQ,n = Z[α∨Q,n/2], then necessarily α is a long simple
root, 2|〈α, y〉 for all y ∈ Y , and thus the root system of G is of type Cr. In particular, if G
is semisimple, then the only cover G such that Y scQ,n ( Y˜
sc
Q,n satisfies exactly the following:
– G = Sp2r and nαr is even for the unique long simple root αr,
– Y˜ scQ,n = YQ,n = (nαr/2)·Y , while Y
sc
Q,n is spanned by {(nαr/2) · α
∨
i : αi ∈ ∆ is short}∪
{nαrα
∨
r }.
In any case, for an arbitrary G the set Φ˜∨Q,n forms a root system.
Proof. We consider the unique simple root of SL2 as being long. Suppose Y
sc
Q,n ( Y˜
sc
Q,n,
then nαα
∨/2 ∈ Y sc ∩ YQ,n for some α ∈ ∆. This implies that
nα
2
BQ(α
∨, y) =
nαQ(α
∨)
2
〈α, y〉 ∈ nαZ
for all y ∈ Y , i.e., 2|〈α, y〉. If the semisimple rank of G is one, then the assertions are
clear. Assume the semisimple rank of G is at least two. Then 2|〈α, β〉 for all β ∈ ∆. This
is possible only if the root system of G is of type Cr and that α is the unique long root.
If G is semisimple, then necessarily G = Sp2r or PGSp2r. However, in the latter case
the fundamental coweight ω∨r of αr lies in Y and we have 〈α, ω
∨
r 〉 = 1. Thus, we must
have G = Sp2r. The rest of the assertions follows easily from this. 
Definition 2.4. An element ν˜ ∈ X⊗R is called a saturation of an exceptional character
ν ∈ X ⊗R if ν˜(α˜∨Q,n) = 1 for every α ∈ ∆.
If G is saturated, then φ(ν˜) = φ(ν) ∈ Hom(Y scQ,n,R) for every saturation ν˜ of an
exceptional ν.
We also recall the notion of a persistent cover as follows (see [Gao20, Definition 2.3]).
Consider
X
sc
Q,n := Y/Y
sc
Q,n, XQ,n = Y/YQ,n,
which are both endowed with the twisted Weyl action
w[y] := w(y − ρ∨) + ρ∨.
Here ρ∨ is the half sum of all positive coroots in Φ∨. For every y ∈ Y , let y† and y‡
denote its image in X scQ,n and XQ,n respectively. An n-fold cover G is called persistent if
StabW (y
†;X scQ,n) = StabW (y
‡;XQ,n)
for every y ∈ Y . While persistency is a slightly technical condition, we note the following:
• a saturated cover is always persistent,
• if G is semisimple and simply-connected, then G is saturated if and only if its
dual group G
∨
is of adjoint type, i.e., YQ,n = Y
sc
Q,n.
As another example, every cover of GLr is saturated and thus persistent. On the other
hand, the cover SL
(n)
2 associated with Q(α) = −1 is saturated if n is odd, and is persistent
but not saturated if 4|n; if n ∈ 4Z + 2, then SL
(n)
2 is not persistent. For more examples
of saturated covers, we refer to [Wei18, §2.7].
2.3. The set Nmaxtr (Θ(π
†, ν)). To state the conjectural formula, we first briefly recall the
Macdonald representation of a Weyl group and the Springer correspondence.
For every ν ∈ X ⊗R, denote by
Wν = {w ∈ W : w(ν)− ν ∈ X
sc} ⊂W
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the integral Weyl subgroup associated with ν. It is a reflection subgroup associated with
the root subsystem
Φν = {α ∈ Φ : 〈ν, α
∨〉 ∈ Z} .
In fact, the set
Φ+ν := Φν ∩ Φ
+
is a set of positive roots of Φν , and we let ∆ν ⊂ Φ+ν be the associated simple roots for
the system Φν . Note that in general ∆ν 6= Φν ∩∆.
One has a composite of canonical surjections
Hom(YQ,n,R) Hom(Y˜
sc
Q,n,R) Hom(Y
sc
Q,n,R),
φ˜
φ
which is W -equivariant with respect to the usual reflection action. We have
Ker(φ˜) ⊂ Ker(φ),
both of which are fixed by the Weyl group pointwise. Thus, for every ν ∈ X ⊗ R the
root subsystem Φν and Wν depend only on φ(ν) or φ˜(ν); that is, Wν is actually equal to
the integral Weyl subgroup associated with φ˜(ν) and φ(ν), with respect to the W -action
on Hom(Y˜ scQ,n,R) and Hom(Y
sc
Q,n,R), respectively.
Let εν = εWν be the sign character of Wν . The construction of the Macdonald repre-
sentation jWWν (εν) ∈ Irr(W ) arising from the truncated j-induction (see [Mac72,LS79] or
[Car93, §11.2]) is given as follows. First, we have
℘ν =
∏
α∈Φ+ν
α,
which is a homogeneous rational-valued polynomial on Y ⊗R. Let
P (Φν) = {w(℘ν) : w ∈ W}
be the subspace of the symmetric algebra Sym(X ⊗ R) spanned by the w(℘ν)’s. It is
shown in [Mac72] that P (Φν) affords an irreducible representation of W which we denote
by
jWWν(εν).
In fact, jWWν(εν) is the unique subrepresentation of Ind
W
Wν
(εν) governed by the leading term
of a certain fake degree polynomial associated with the natural reflection representation
of W (see [Car93, §11.1]). The two special cases are Wν = {1} and Wν = W , for which
the representation jWWν (εν) equals 1 and εW respectively.
To recall the Springer correspondence [Spr78], let g ⊗ F be the Lie algebra of G over
the algebraically closed field F . Let B be the flag variety of all Borel subalgebras of
g⊗F . For a nilpotent element x ∈ g⊗F one has the subvariety Bx of Borel subalgebras
containing x. The group Gxad, which is the stabilizer of x in Gad, acts on Bx. One has a
well-defined action of Gxad on H
∗(Bx, F ) which factors through the component group
Ax := G
x
ad/(G
x
ad)
o.
There is a natural action of W on H∗(Bx, F ) which commutes with that of Ax. This
gives a decomposition of the top degree cohomology space
Htop(Bx, F ) =
⊕
η∈Irr(Ax)
η ⊠ ση,
where ση ∈ {0} ∪ Irr(W ). There are many properties of the correspondence thus estab-
lished, one of which concerns us is that every σ ∈ Irr(W ) is isomorphic to ση for a unique
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nilpotent orbit Ox and a unique η ∈ Irr(Ax). In fact, Ax depends only on the conjugacy
class Ox of x and thus we may write AO for Ax for any x ∈ O. Defining
N en = {(O, η) : O ∈ N and η ∈ Irr(AO)} ,
we thus obtain an injective map
Spr : Irr(W ) N en
denoted by
Spr(σ) = (OSpr(σ), η(σ));
we call
OSpr(σ) ⊂ g⊗ F
the nilpotent orbit associated with σ. In particular, we have OSpr(1) = Oreg, the regular
orbit; on the other hand, OSpr(εW ) = O0, the trivial orbit. Note that for every O ∈ N ,
the pair (O,1) lies in the image of Spr, i.e., (O,1) = Spr(σO) for a unique σO ∈ Irr(W ).
This gives us a well-defined injective map
Spr−1
1
: N Irr(W )
given by
Spr−1
1
(O) := Spr−1((O,1)).
It is clear that
OSpr ◦ Spr
−1
1
= idN ;
however, Spr−1
1
◦ OSpr may not be the identity map on Irr(W ).
One has the permutation representation
σX : W −→ Perm(XQ,n)
given by the twisted Weyl action w[y] = w(y − ρ∨) + ρ∨.
Conjecture 2.5. Let F be p-adic with p ∤ n. Let G be a persistent n-fold covering group.
Let ν ∈ X ⊗ R be exceptional and let ν˜ ∈ X ⊗ R be a saturation of ν. Then for the
Harish-Chandra local character expansion of Θ(π†, ν) as in (1.1), one has
(2.2) Nmaxtr (Θ(π
†, ν))⊗ F =
{
OSpr(j
W
Wν˜
(εν˜))
}
and
(2.3) cO =
〈
jWWν˜ (εν˜), εW ⊗ σ
X
〉
W
for every orbit O ∈ Nmaxtr (Θ(π
†, ν)).
The various measures involved in the local character expansion (1.1) are chosen as in
[HC99,MW87,Var14,Li12,PP15]. We also remark the following:
• It is part of Conjecture 2.5 that elements in Nmaxtr (Θ(π
†, ν)) all lie in one single
F -nilpotent orbit, and it is a delicate issue to determine the F -nilpotent classes
in Nmaxtr . For arbitrary irreducible representation of the linear group G = G, this
was first conjectured by Mœglin and Waldspurger, and it is expect to hold for
representations of G besides Θ(π†, ν).
• Implicit in Conjecture 2.5 is that for persistent covers, the equalities (2.2) and (2.3)
are independent of the choice of distinguished representation π† of T , and also
independent of the nontrivial ψ♮, which is used in giving the character expansion
(1.1). In fact, if G
∨
has trivial center, which in particular implies that G is
saturated, then there is a unique distinguished representation π† of T , see the
discussion in §2.1.
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• If G is not persistent, then (2.2) is still expected to hold, but the determination
of the set Nmaxtr (Θ(π
†, ν)) is more complicated, involving subtle relations between
π† and ψ♮. This already occurs for the double cover of SL2, see [Wal80]. On the
other hand, for non-persistent covers, the equality (2.3) no longer holds, and the
quantitative nature of cO has to be investigated further.
The first example for Conjecture 2.5 is when n = 1 and thus G = G is a linear group.
In this case, Θ(π†, ν) is a one-dimensional character of G. Since G is saturated, we can
take ν˜ = ν. On the other hand, one has Φν = Φ and thus j
W
Wν
(εν) = εW . This gives
OSpr(j
W
Wν
(εν)) = O0,
as expected. In this case, XQ,n = {0} and thus σX = 1. It follows
cO0 = 1 = 〈εW , εW ⊗ 1〉W =
〈
jWWν˜(εν˜), εW ⊗ σ
X
〉
W
.
As another extreme example, we take an unramified Θ(π†, ν) with n ≫ r, where r is
the semisimple rank of G. In this case, Θ(π†, ν) is ψ-generic for f(ψ) = OF . In fact, it
follows from [Gao20, Proposition 6.2] that the equality
(2.4) dimWhψ(Θ(π
†, ν)) =
〈
εW , σ
X
〉
W
holds for every persistent cover. Here
〈
εW , σ
X
〉
W
also equals to the number of free W -
orbits inXQ,n with respect to the twisted action w[−]. We then have a regular F -nilpotent
orbit O (depending on both ψ♮ and ψ, see [MW87, Page 427]) that
cO = dimWhψ(Θ(π
†, ν)).
In this case, φ(ν˜) ∈ Xsc ⊗R lies in the interior of the alcove with respect to the affine
Weyl group Xsc ⋊W acting on Xsc ⊗R. Thus Wν˜ = {1} and jWWν˜ (εν˜) = 1. This shows
that
cO =
〈
εW , σ
X
〉
W
=
〈
jWWν˜ (εν˜), εW ⊗ σ
X
〉
W
,
as desired. In §3, we will study in more details the case when Θ(π†, ν) is ψ-generic and
verify (2.2) and (2.3) for O as above.
2.4. A further generalization. We briefly discuss about a further generalization of
Conjecture 2.5 to all irreducible constituents of a regular principal series in the unramified
case. Thus, we continue to assume that F is p-adic with p ∤ n. Consider ν ∈ X ⊗ R
satisfying the following:
– ν is regular, that is, its stabilizer subgroup of W is trivial,
– the set Φ(ν) :=
{
α ∈ Φ : ν(α∨Q,n) = 1
}
is a subset of ∆.
Taking π† to be an unramified distinguished representation of T , we have a regular
unramified genuine principal series I(π†, ν) of G. One has
(2.5) I(π†, ν)ss =
⊕
S⊂Φ(ν)
πS ,
where the left hand side denotes the semisimplification of I(π†, ν). The decomposition is
multiplicity-free and the irreducible constituent πS is characterized by its Jacquet module,
see [Rod81] and [Gao20, §3]. For example, if Φ(ν) = ∆, then π∆ = Θ(π†, ν) and π∅ is a
covering analogue of the Steinberg representation.
For every S ⊂ Φ(ν) ⊂ ∆, let Φ(S) ⊂ Φ be the root subsystem with simple roots being
S. Denote by
W (S) ⊂ W
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the subgroup generated by elements in S. Let MS ⊂ G be the Levi subgroup associated
with S, with Lie algebra denoted by mS. Let ν˜ ∈ X ⊗R be a saturation of ν and denote
W Sν˜ := the integral Weyl subgroup of W (S) associated with ν˜.
Let εSν˜ be the sign character of W
S
ν˜ . We have the two Macdonald representations
jW
WSν˜
(εSν˜ ) ∈ Irr(W ) and j
W (S)
WSν˜
(εSν˜ ) ∈ Irr(W (S)).
For every nilpotent orbit O ⊂ mS ⊗F , one has an induced nilpotent orbit Ind
g⊗F
mS⊗F
(O) ⊂
g⊗F , see [LS79] or [CM93, Chapter 7]. Moreover, the j-induction on the representation
side and induction on the nilpotent orbit side from parabolic subgroups are compatible
via the Springer correspondence, see [LS79]. Thus, we have
OSpr(j
W
WSν˜
(εSν˜ )) = Ind
g⊗F
mS⊗F
(OSpr(j
W (S)
WSν˜
(εSν˜ ))) ⊂ g⊗ F .
Conjecture 2.6. Let G be a persistent n-fold cover, and let ν ∈ X ⊗ R be a regular
element with Φ(ν) ⊂ ∆. Consider the regular unramified principal series I(π†, ν). Then
for every constituent πS of I(π
†, ν) with S ⊂ Φ(ν), one has
Nmaxtr (πS)⊗ F =
{
OSpr(j
W
WSν˜
(εSν˜ ))
}
,
where ν˜ is a saturation of ν.
If S = Φ(ν) = ∆, then Conjecture 2.6 becomes part of Conjecture 2.5, since π∆ =
Θ(π†, ν) in this case. On the other hand, if n = 1 and G = G is linear group, then
Conjecture 2.6 asserts that
Nmaxtr (πS)⊗ F =
{
Indg⊗F
mS⊗F
(0)
}
,
which was proved by Mœglin and Waldspurger in [MW87, Proposition II.1.3].
Remark 2.7. Conjecture 2.5 was stated for Θ(π†, ν) in the tame case, but with π† not
necessarily unramified. On the other hand, we restrict to unramified π† in Conjecture
2.6, since Rodier’s structural decomposition (2.5) of I(π†, ν) was analyzed and generalized
only for unramified data in [Gao20]. However, it is expected that (2.5) holds for regular
I(π†, ν) in general (even in the non-tame setting) which, once established, will enable us
to remove the constraint of π† being unramified in Conjecture 2.6.
3. Generic Θ(π†, ν)
In this section, we show that certain parts of Conjecture 2.5 hold for a ψ-generic
Θ(π†, ν) in the unramified case. We assume
f(ψ) = OF .
Essentially, we rely on the results proved in [Gao20] regarding the criterion for Θ(π†, ν) to
be generic. More precisely, it follows from (2.4) for a persistent cover G that the following
two assertions are equivalent:
(i) the representation Θ(π†, ν) is ψ-generic, and thus Nmaxtr (Θ(π
†, ν))⊗ F = {Oreg},
(ii) the number
〈
εW , σ
X
〉
W
, which is equal to the number of free W -orbits in XQ,n,
is at least one.
We note that, however, property (ii) here concerns Y/YQ,n on the cocharacter lattice side,
while Conjecture 2.5 relies on the element ν˜ ∈ X ⊗R from the character lattice side. It
is thus sufficient to establish the “equivalence” between the two criteria for Θ(π†, ν) to
be generic, arising from (ii) above and that predicted by Conjecture 2.5.
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Recall that {ωα}α∈∆ ⊂ X ⊗ R denote the fundamental weights, and ρ =
∑
α∈∆ ωα.
Similarly, {ω∨α}α∈∆ ⊂ Y ⊗ R denote the fundamental coweights with ρ
∨ =
∑
α∈∆ ω
∨
α .
Define a function
fX : Φ
∨
+ −→ Q
by
fX(β
∨) := 〈φ(ν˜), β∨〉 =
∑
α∈∆
〈ωα/n˜α, β
∨〉.
It is clear that Wν˜ = {1} if and only if Im(fX) ∩ Z = ∅. On the other hand, we also
define
fY : Φ+ −→ Q
by
fY (β) =
〈
ρ∨, β˜Q,n
〉
=
∑
α∈∆
〈ω∨α/n˜β, β〉.
The W -orbit of 2ρ∨ in XQ,n is free if and only if Im(fY ) ∩ Z = ∅.
We will prove the equality
fX(Φ
∨
+) = fY (Φ+)
on a case-by-case basis for the root system type of G. The analysis will also determine
explicitly some saturated and persistent covers.
3.1. Simply-laced type with rank r ≥ 2. It follows from Lemma 2.3 that n˜α = nα for
all α ∈ ∆, and since G is simply-laced, the map α 7→ nα is constant on ∆. Also, since
the root system Φ∨ is of the same type as Φ, we have the following.
Lemma 3.1. If the root system of G is of simply-laced type, then
Im(fX) =
[1, ht(α0)]
nα
= Im(fY ),
where ht(α0) denotes the height of the highest root α0 of G.
We discuss briefly the saturated and persistent covers G
(n)
of the almost simple group
G associated with
Q(α∨) = 1,
where α∨ ∈ ∆∨ is any simple coroot. For simplicity, we may sometimes restrict to the
case n = 2 only.
First, all saturated covers of such G
(n)
are given in Table 1 (see [Wei18, §2.7])
Table 1. Saturated covers for simply-laced almost simple groups
SL
(n)
r+1 Spin
(n)
2r , r > 3 E
(n)
6 E
(n)
7 E
(n)
8
condition n such that odd n n such that odd n all n
on n gcd(n, r + 1) = 1 3 ∤ n
We also tabulate the persistent double covers G
(2)
, as given in Table 2. Recall if a
cover is saturated, then it is persistent. Now we explain briefly the part of Table 2 not
covered in Table 1 as follows. Thus, we assume G is either SL
(2)
r+1 with r odd, or Spin
(2)
2r
and E
(2)
7 . Let Ω ⊂ ∆ be the special subset as in [GG18, §16.1.1] such that
eΩ =
∑
α∈Ω
α∨ ∈ YQ,2 − Y
sc
Q,2.
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More precisely, using the labelling as in Bourbaki [Bou02] (which is however different
from that in [GG18, §16.1.1]), if G = SL
(2)
r+1, then we take Ω = {αi : 1 6 i 6 r, i is odd};
for G = Spin
(2)
2r , we take Ω = {αr−1, αr}; while for G = E
(2)
7 , we take Ω = {α2, α5, α7}.
Setting wΩ =
∏
α∈Ω wα, which does not depend on the order of elements in Ω, we have
wΩ[0]− 0 = eΩ ∈ YQ,2 − Y
sc
Q,2.
This shows that such G is not persistent. This justifies Table 2.
Table 2. Double covers of simply-laced almost simple groups
SL
(2)
r+1, SL
(2)
r+1, Spin
(2)
2r E
(2)
6 E
(2)
7 E
(2)
8
r even r odd
saturated or saturated not not saturated not saturated
persistent? persistent persistent persistent
3.2. Type Br, r > 3. Following Bourbaki’s notation [Bou02, Page 267], we have the
Dynkin diagram for the root system of type Br, r > 3 as follows.
❡ ❡ ❡ ❡ ❡♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ >
α1 α2 αr−2 αr−1 αr
We partition Φ+ into
Φ+ = Φ+,I ⊔ Φ+,II ⊔ Φ+,III,
where
Φ+,I =
{∑
i6k6r
αk : 1 6 i 6 r
}
, Φ+,II =
{∑
i6k<j
αk : 1 6 i < j 6 r
}
and
Φ+,III =
{∑
i6k<j
αk + 2 ·
∑
j6k6r
αk : 1 6 i < j 6 r
}
.
On the other hand, one can partition Φ∨+ into
Φ∨+ = Φ
∨
+,I ⊔ Φ
∨
+,II ⊔ Φ
∨
+,III,
where
Φ∨+,I =
{∑
i6k<j
α∨k : 1 6 i < j 6 r
}
, Φ∨+,III =
{
2
∑
i6k<r
α∨k + α
∨
r : 1 6 i 6 r
}
and
Φ∨+,II =
{∑
i6k<j
α∨k + 2 ·
∑
j6k<r
α∨k + α
∨
r : 1 6 i < j 6 r
}
.
There are two cases for the set {nα, α ∈ ∆}: either nα is constant on α ∈ ∆, or nαi = 2nαr
for all 1 6 i < r.
Lemma 3.2. Assume the root system of G is of type Br, r > 3. If nαi = 2nαr for all
1 6 i < r, then
fX(Φ
∨
+,I) = fY (Φ+,II), fX(Φ
∨
+,II) = fY (Φ+,III), fX(Φ
∨
+,III) = fY (Φ+,I);
in particular,
fX(Φ
∨
+) =
1
2nαr
[1, 2r] = fY (Φ+).
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If nα is constant on α ∈ ∆, then we have the equalities
fX(Φ
∨
+) =
1
nα
[1, 2r − 1] = fY (Φ+).
Proof. By assumption on the root system of G, we have n˜α = nα for all α ∈ ∆, see
Lemma 2.3. The above equalities then follow from an easy computation. We omit the
details. 
Note that Lemma 3.2 clearly agrees with the discussion in [Gao17, §6] for G = Spin2r+1.
Let Spin
(n)
2r+1 be the n-fold cover associated with Q(α
∨
1 ) = 1. If r is even and n = 2k
with k odd, then one can check easily that (writing wi = wαi)
wr−1wr−3...w3w1[(1− k)ρ
∨]− (1− k)ρ∨ = k · (α∨1 + α
∨
3 + ...+ α
∨
r−1) ∈ YQ,n − Y
sc
Q,n,
where (1− k)ρ ∈ Y . This shows that such Spin
(n)
2r+1 is not persistent. This gives us Table
3. We remark that for n ∈ 4Z, the persistence for Spin
(n)
2r+1 does not depend solely on the
parity of r and is quite complicated.
Table 3. Covers of Spin2r+1
Spin
(n)
2r+1, r odd Spin
(n)
2r+1, r even
n is odd saturated saturated
n ∈ 4Z+ 2 saturated not persistent
3.3. Type Cr. Consider the Dynkin diagram for the root system of type Cr, r > 2 as
follows.
❡ ❡ ❡ ❡ ❡♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ <
α1 α2 αr−2 αr−1 αr
We can also partition Φ+ and Φ
∨
+ as follows, which is dual to that in the type Br case.
First,
Φ+ = Φ+,I ⊔ Φ+,II ⊔ Φ+,III,
where
Φ+,I =
{∑
i6k<j
αk : 1 6 i < j 6 r
}
, Φ+,III =
{
2
∑
i6k<r
αk + αr : 1 6 i 6 r
}
and
Φ+,II =
{∑
i6k<j
αk + 2 ·
∑
j6k<r
αk + αr : 1 6 i < j 6 r
}
.
On the other hand, we have
Φ∨+ = Φ
∨
+,I ⊔ Φ
∨
+,II ⊔ Φ
∨
+,III,
where
Φ∨+,I =
{∑
i6k6r
α∨k : 1 6 i 6 r
}
, Φ∨+,II =
{∑
i6k<j
α∨k : 1 6 i < j 6 r
}
and
Φ∨+,III =
{∑
i6k<j
α∨k + 2 ·
∑
j6k6r
α∨k : 1 6 i < j 6 r
}
.
Again, there are two cases for the set {n˜α, α ∈ ∆}: either n˜α is constant on α ∈ ∆, or
2n˜αi = n˜αr for all 1 6 i < r.
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Lemma 3.3. Assume the root system of G is of type Cr, r > 2. If 2n˜αi = n˜αr for all
1 6 i < r, then necessarily n˜αi = nαi for all 1 6 i 6 r and
fX(Φ
∨
+,I) = fY (Φ+,III), fX(Φ
∨
+,II) = fY (Φ+,I), fX(Φ
∨
+,III) = fY (Φ+,II);
in this case,
fX(Φ
∨
+) =
[1, 2r − 1]
2nα1
⋃ [2, 2r − 2]
nα1
= fY (Φ+).
If n˜α is constant on α ∈ ∆, then we have the equalities
fX(Φ
∨
+) =
1
n˜α
[1, 2r − 1] = fY (Φ+).
Proof. If nαi 6= n˜αi , then it follows from Lemma 2.3 that i = r and that n˜αr = n˜αi for
all 1 6 i < r. The rest of the assertions follows from an easy computation as for Lemma
3.2. 
It is clear that Lemma 3.3 agrees with the pertinent discussion in [Gao17, §5] for covers
of Sp2r.
Let Sp
(n)
2r be the n-fold cover associated with Q(α
∨
r ) = 1. We determine when Sp
(n)
2r is
saturated or persistent. If n is odd, then the dual group of Sp
(n)
2r is SO2r+1, and thus Sp
(n)
2r
is saturated. For even n, the cover Sp
(n)
2r is not saturated, since its dual group is Sp2r.
If n = 2(2k − 1) ∈ 4Z+ 2, then it is easy to see that
wαr [kα
∨
r ]− kα
∨
r = (1− 2k)α
∨
r ∈ YQ,n − Y
sc
Q,n.
This shows that Sp
(n)
2r is not persistent for n ∈ 4Z+2. For n ∈ 4Z we have the following.
Lemma 3.4. If 4|n, then Sp
(n)
2r is a persistent covering group.
Proof. By the definition of persistence, it suffices to show that for every y ∈ Y , one has
StabW (y,X
sc
Q,n) = StabW (y,XQ,n),
where the inclusion ⊆ is clear. We write n = 2m with m even. Then
Y scQ,n =
{
r∑
i=1
ciα
∨
i : ci ∈ mZ for i 6= r, and cr ∈ nZ
}
and
YQ,n =
{
r∑
i=1
ciα
∨
i : ci ∈ mZ for every i
}
.
If StabW (y,X
sc
Q,n) 6= StabW (y,XQ,n), then there exists z ∈ Oy (theW -orbit of y in XQ,n)
such that zρ := z− ρ∨ lies in the hyperplane Hαr ⊂ Y ⊗ZR associated to the affine Weyl
element (mα∨r , wαr) ∈ YQ,n ⋊W . That is, wαr fixes zρ −
m
2
α∨r . We thus obtain
m = 〈zρ, αr〉,
the right hand side of which however is always an odd number. This gives a contradiction.
Thus every such Sp2r is persistent. 
As a conclusion from the above discussion, we have Table 4 below.
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Table 4. Covers of Sp2r
n is odd n ∈ 4Z+ 2 n ∈ 4Z
Sp
(n)
2r saturated not persistent persistent, but
not saturated
3.4. Type F4. Consider the Dynkin diagram of simple roots of F4 as follows
❡ ❡ ❡ ❡>
α1 α2 α3 α4
Note that covers of F4 are always saturated. An explicit computation using the data
and notations in [Bou02, Page 287-288] gives the following.
Lemma 3.5. For any n-fold cover of F4, if nα1 = 2nα4 , then one has
fX(Φ
∨
+) = fY (Φ+) =
1
nα4
[1, 8]
⋃ 1
2nα4
{1, 3, 5, 7, 9, 11} .
If nα is constant on α ∈ ∆, then
fX(Φ
∨
+) = fY (Φ+) =
1
nα
[1, 11].
3.5. Type G2. Consider the Dynkin diagram of G2:
❡ ❡<
α1 α2
Every n-fold cover of G2 is saturated, since the dual group is always G2.
Lemma 3.6. For n-fold cover of G2, if nα2 = 3nα1 , then
fX(Φ
∨
+) = fY (Φ+) =
1
3nα1
{1, 4, 5}
⋃ 1
nα1
{1, 2, 3} ⊂ Q.
If nα1 = nα2, then
fX(Φ
∨
+) = fY (Φ+) =
1
nα
[1, 5].
3.6. Generic Θ(π†, ν). Using the proceeding discussion, we have the following result for
ψ-generic Θ(π†, ν).
Theorem 3.7. Let G be a p-adic persistent cover in the tame case. Let Θ(π†, ν) be an
unramified theta representation, and let ν˜ ∈ X ⊗R be a saturation of the exceptional ν.
Then the following are equivalent:
(i) Wν˜ = {1},
(ii) the W -orbit of 2ρ∨ in XQ,n with respect to w[−] is free,
(iii) the W -orbit of 0 in XQ,n with respect to w[−] is free,
(iv)
〈
εW , σ
X
〉
W
> 1, i.e., there is at least one W -free orbit in XQ,n.
If Θ(π†, ν) is ψ-generic, then by setting O ⊂ g to be the regular nilpotent (depending on
ψ♮ and ψ) such that cO = dimWhψ(Θ(π
†, ν)), we have
cO =
〈
jWWν˜(εν˜), εW ⊗ σ
X
〉
W
.
That is, (2.2) and (2.3) for this O in Conjecture 2.5 both hold for the ψ-generic Θ(π†, ν).
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Proof. First, we show the equivalence between (i) and (ii). As noted in the beginning of
this section that (i) and (ii) are equivalent to the equalities fX(Φ
∨
+) = ∅ and fY (Φ+) = ∅,
respectively. However, if follows from Lemmas 3.1, 3.2, 3.3, 3.5 and 3.6 that
fX(Φ
∨
+) = fY (Φ+)
holds for all root system types. Thus the equivalence of (i) and (ii) follows.
The equivalence between (ii) and (iii) is trivial. It is also clear that (ii) implies (iv);
thus, it suffices to show the converse. Write ∆ = {αi : 1 6 i 6 r}. Every y ∈ Y can be
written in the form
y = y0 +
∑
αi∈∆
ciα
∨
i
where y0 ∈ Y ⊗Q satisfies 〈y0, αi〉 = 0 for every αi ∈ ∆, and ci ∈ Q, see [Spr79, Lemma
1.2]. In particular, y0 is fixed by the Weyl group. If we write
y − y0 =
∑
i
kiω
∨
i ∈ Y
sc ⊗R
in terms of the basis {ω∨i } for Y
sc ⊗R, then ki = 〈y − y0, αi〉 = 〈y, αi〉 ∈ Z. Now let
ω˜∨i = n˜αi · ω
∨
i ∈ Y
sc ⊗R
be the fundamental coweight associated with α˜∨Q,n. Consider the affine Weyl group W˜ =
Y˜ scQ,n ⋊W acting on Y
sc ⊗R. Let C ⊂ Y sc ⊗R be a fundamental alcove with extreme
points 0 ∪ {ω˜∨i /gi : 1 6 i 6 r} with gi ∈ N, see [Bou02, Page 187-188]. Assertion (iv) is
equivalent to that there exists y ∈ Y such that
y − y0 − ρ
∨ = k1ω
∨
1 + k2ω
∨
2 + ... + krω
∨
r ∈ C,
where ki ∈ Z>0 for every i. We have
y − y0 − ρ
∨ =
r∑
i=1
kigi
n˜i
(ω˜∨i /gi).
Since y − y0 − ρ∨ lies in C, it gives that kigi > 0 for every i and moreover
r∑
i=1
kigi
n˜i
< 1.
Thus, ki > 1 for all i, and one has
∑r
i=1 gi/n˜i < 1. However, this shows that ρ
∨ =
∑
i ω
∨
i
lies in C and therefore the W -orbit of 2ρ∨ ∈ Y in XQ,n is free. Hence, (iv) implies (ii).
The last assertion follows from (2.4) and the equivalence between (i) and (iv). The
proof is completed. 
Remark 3.8. Since we have an explicit form for the set fX(Φ
∨
+) = fY (Φ+) for all root
system types, for persistent covers G
(n)
one can determine precisely the mininum n such
that Θ(π†, ν) is generic. It is also possible to determine n such that Θ(π†, ν) is distin-
guished, i.e., dimWhψ(Θ(π
†, ν)) = 1. The results agree with [Gao17] for covers of type
Ar, Br, Cr and G2 discussed there. For instance, as an example not covered by [Gao17],
it follows from Lemma 3.1 that for the n-fold cover of E8 with Q(α
∨) = −1, one has
dimWhψ(Θ(π
†, ν)) > 1
exactly when n > 30, and the equality holds for n = 30.
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4. Covers of Sp2r and GLr
The goal of this section is to show that for odd-fold covers of Sp2r, Conjecture 2.5
agrees with the one studied by Friedberg and Ginzburg, see [FG17b,FG]. For covers of
GLr, we also explicate the equality (2.2) in Conjecture 2.5, which has been verified by
Y.-Q. Cai [Cai19] and Savin [Sav] (unpublished).
In this section, we continue to assume that Θ(π†, ν) is an unramified theta representa-
tion. We follow the notations of §3.3, and consider Sp
(n)
2r for odd n, which is associated
with Q(α∨r ) = 1. In this case, nα = n is constant on α ∈ ∆. Recall that every nilpo-
tent orbit of Spr is parametrized by a symplectic partition (c
p1
1 c
p2
2 ...c
pk
k ) of 2r such that
c1 > c2 > ... > ck > 1 and pi is even if ci is odd. For every partition (c
p1
1 c
p2
2 ...c
pk
k ) of 2r,
denote by
(cp11 c
p2
2 ...c
pk
k )Sp
its symplectic collapse. For every n ∈ N, we have 2r = qn+t with q ∈ Z>0 and 0 6 t < n.
Denote by
O2r,n = (n
qt)Sp,
where we omit t if it is zero.
Theorem 4.1. Let Sp
(n)
2r be the cover with n odd. Let ν = ρ/n ∈ X ⊗R be the unique
exceptional character. Then
OSpr(j
W
Wν
(εν)) = O2r,n.
Thus, (2.2) in Conjecture 2.5 is equivalent to [FG17b, Conjecture 2.2].
Proof. The result follows from a direct computation of the root subsystem Φν , the Mac-
donald representation jWWν(εν) and the nilpotent orbit OSpr(j
W
Wν
(εν)). Using the notation
in §3.3, we define
Φ∨ν = {β
∨ ∈ Φ∨ : 〈ν, β∨〉 ∈ Z}
and
Φ+,∨ν,j = Φ
∨
ν ∩ Φ
∨
+,j for every j ∈ {I, II, III} .
Clearly, the root system Φν is dual to that of Φ
∨
ν . We use the standard notations as in
[Bou02, Page 267] such that α∨i = ei−ei+1 for 1 6 i < r and α
∨
r = er. For every i ∈ [1, r],
we set i′ = r + 1− i. For every x ∈ R, denote by ⌊x⌋ ∈ Z its integral part. It is easy to
see
Φ+,∨ν,I = {ei : i
′/n ∈ [1, ⌊r/n⌋]} ,
Φ+,∨ν,II = {ei − ej : n|(j − i), 1 6 i < j 6 r} ,
Φ+,∨ν,III = {ei + ej : n|(j
′ + i′), 1 6 i < j 6 r} .
Write
r = an + b with a ∈ Z>0 and 0 6 b < n.
We proceed by considering the following four cases, which exhaust all possibilities:
(i) n > r,
(ii) r = an with a ∈ N,
(iii) n < r, (n+ 1)/2 6 b < n,
(iv) n < r, 0 < b 6 (n− 1)/2.
If n > 2r+ 1, then Θ(π†, ν) is generic and the assertion holds by Theorem 3.7. The case
n = 1 is also trivial. Thus, we assume 1 < n < 2r, and for simplicity of notations, we
will also write
n = 2m+ 1 with m ∈ [1, r − 1].
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For case (i), it is clear that Φ+,∨ν,I = Φ
+,∨
ν,II = ∅, and
Φ+,∨ν,III = {ei + en−i : i ∈ [m+ 1, r]} .
The root subsystem Φν is then of type
C1 × C1 × ...× C1︸ ︷︷ ︸
(r −m) copies
Thus
jWWν (εν) = σ(m; r −m),
where (ξ; η) is an ordered partition of r and parametrizes an irreducible representation
σ(ξ; η) of W , and every element in Irr(W ) corresponds to such an ordered partition, see
[Car93, Page 379], [Lus79] or [GP00, §5.5]. By a computation with the Lusztig symbol
(see [Car93, Page 419] or [CM93, §10.1]), we see that
OSpr(j
W
Wν
(εν)) = (n− 1, 2r + 1− n)Sp = (n− 1, 2r + 1− n).
On the other hand, we have O2r,n = (n, 2r − n)Sp = (n− 1, 2r + 1− n) as well.
For case (ii), where r = an and thus q = 2a, a direct computation shows that the root
subsystem Φν is of type
A2a−1 ×A2a−1 × ...×A2a−1︸ ︷︷ ︸
m copies
×Ca,
which is a subsystem inside
C2a × C2a × ...× C2a︸ ︷︷ ︸
m copies
×Ca ⊂ Cr.
Here Ak−1 is the usual subsystem inside Ck, and one has
(4.1) jCkAk−1(ε) = j
Ck
D⌊(k+1/2)⌋×C⌊k/2⌋
(ε),
see [Mac72, Remarks 3], where the result was stated for type B groups but also holds
for type C. Here jCkAk−1 means the j-induction from the Weyl group of Ak−1 to the Weyl
group of Ck; similarly for the right hand side of (4.1). Also, we adopt the convention
that D1 = ∅. Since the j-induction is transitive and compatible with direct products, it
follows from (4.1) that jWWν (εν) equals to the Macdonald representation induced from the
subsystem
Da ×Da × ...×Da︸ ︷︷ ︸
m copies
×Ca × Ca × ...× Ca︸ ︷︷ ︸
(m + 1) copies
of Cr. Hence, j
W
Wν
(εν) = σ(m
a; (m + 1)a). It now follows from a computation with the
Lusztig symbol that
OSpr(j
W
Wν
(εν)) = (n
2a) = O2r,n,
as desired.
For case (iii), the root subsystem of Φν is of type
A2a+1 × A2a+1 × ...× A2a+1︸ ︷︷ ︸
(b −m) copies
×A2a ×A2a × ...×A2a︸ ︷︷ ︸
(2m − b) copies
×Ca.
It follows from (4.1) that jWWν (εν) is equal to the Macdonald representation induced from
the root subsystem
Da+1 ×Da+1 × ...×Da+1︸ ︷︷ ︸
m copies
×Ca+1 × Ca+1 × ...× Ca+1︸ ︷︷ ︸
(b−m) copies
×Ca × Ca × ...× Ca︸ ︷︷ ︸
(n− b) copies
.
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This gives that jWWν (εν) = σ(m
a+1; (n − m)a(b − m)). A computation with the Lusztig
symbol gives that
OSpr(j
W
Wν
(εν)) = (n
2a · (n− 1) · 2(b−m))Sp = (n
2a · (n− 1) · 2(b−m)).
Now we have
O2r,n = (n
2a+1 · (2b− n))Sp = OSpr(j
W
Wν
(εν)),
as desired.
Lastly, for case (iv), the root subsystem of Φν is of type
A2a ×A2a × ...×A2a︸ ︷︷ ︸
b copies
×A2a−1 × A2a−1 × ...× A2a−1︸ ︷︷ ︸
(m− b) copies
×Ca.
Again, (4.1) gives that jWWν(εν) is equal to the Macdonald representation induced from
the root subsystem
Da+1 ×Da+1 × ...×Da+1︸ ︷︷ ︸
b copies
×Da ×Da × ...×Da︸ ︷︷ ︸
(m− b) copies
×Ca × Ca × ...× Ca︸ ︷︷ ︸
(m + 1) copies
.
This gives that
jWWν(εν) = σ(bm
a; (m+ 1)a).
A computation with the Lusztig symbol gives that
OSpr(j
W
Wν
(εν)) = ((2b) · n
2a)Sp = ((2b) · n
2a).
On the other hand, since 2r = (2a)n+ 2b with 2b < n, we have
O2r,n = ((2b) · n
2a) = OSpr(j
W
Wν
(εν))
as well. This completes the proof. 
We note that [FG17b, Conjecture 2.2] (and thus also Conjecture 2.5 by the above
equivalence) has been verified in some cases, see [FG, Theorem 1].
Remark 4.2. Consider the persistent cover Sp
(4)
2r associated with Q(α
∨
r ) = 1 (see Lemma
3.4). Let ν ∈ X ⊗R be the unique exceptional character. One has Y˜Q,4 = 2 · Y and the
saturation of ν is ν˜ = ρ/2. A similar computation as in Theorem 4.1 shows that the root
subsystem Φν˜ is Da×Ca if r = 2a is even, and is equal to Da+1×Ca if r = 2a+1 is odd.
Thus we have
OSpr(j
W
Wν˜
(εν˜)) = (2
r),
and (2.2) in Conjecture 2.5 in this case was proved by Leslie in [Les19, Theorem 1.3].
Consider the Kazhdan-Patterson cover GLr associated to a pair (p,q) ∈ Z × Z with
2p−q = −1. More precisely, we have the quadratic formQ on Y determined by Q(ei) = p
and BQ(ei, ej) = q, i 6= j; this gives rise to the n-fold cover GLr. Here Q(α∨) = −1 for
every root α. Every GLr is saturated and thus persistent.
Theorem 4.3 ([Cai19, Theorem 1.2]). For a Kazhdan-Patterson n-fold cover GLr, one
has
(4.2) OSpr(j
W
Wν
(εν)) = (n
qt),
where r = qn+ t with 0 6 t < n; moreover, (2.2) in Conjecture 2.5 holds for such cover.
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Proof. It suffices to prove the equality (4.2), which coupled with [Cai19, Theorem 1.2]
verifies Conjecture 2.5. If ν ∈ X ⊗R is exceptional, then we have
φ(ν) = ρ/n ∈ Xsc ⊗R,
and Wν is just the integral Weyl subgroup of φ(ν) with respect to X
sc. A similar (and
in fact simpler) computation as in Theorem 4.1 shows that the root subsystem Φν is of
the form
Aq × Aq × ...× Aq︸ ︷︷ ︸
t copies
×Aq−1 × Aq−1 × ...× Aq−1︸ ︷︷ ︸
(n− t) copies
.
Thus the Macdonald representation jWWν (εν) is associated with the partition (n
qt) of r
(see [Car93, §11.4]), which parametrizes exactly the orbit OSpr(jWWν(εν)) by the Springer
correspondence. This completes the proof. 
Remark 4.4. In Theorems 4.1 and 4.3. the assumption that Q(α∨r ) = −1 and Q(α
∨) =
−1) for Sp2r and GLr respectively is not essential. Indeed, the argument and result hold
for general quadratic form as well: for Sp2r, one only needs to assume that nαr is odd;
for GLr, it could be any quadratic form and thus works for arbitrary Brylinski–Deligne
covers of GLr.
As a last example, we consider covers of SO2r+1. Let
SO2r+1 →֒ SL2r+1
be the natural embedding. Consider the n-fold cover SL
(n)
2r+1 associated with Q(α
∨) = 1
for any coroot α. By restriction, one obtains a cover SO
(n)
2r+1. For n = 2, the double
cover SO
(2)
2r+1 is not a linear group but has the special property that its covering torus is
abelian, see [GSS18, Example 2.10].
The four-fold cover SO
(4)
2r+1 and its associated theory of theta liftings were investigated
in the work of Bump, Friedberg and Ginzburg [BFG03,BFG06]. We have
YQ,4 = 2Y = Y
sc
Q,4
and thus the dual group of SO
(4)
2r+1 is SO2r+1. In particular, SO
(4)
2r+1 is saturated and thus
persistent. Using notations in §3.2, it is easy to see that
ν = ωr +
r−1∑
i=1
(ωi/2) ∈ X ⊗R
is the unique exceptional character. A simple computation shows that
Φν is of type
{
Bm ×Bm if r = 2m,
Bm+1 ×Bm if r = 2m+ 1.
It follows that
OSpr(j
W
Wν
(εν)) =
{
(22m1) if r = 2m,
(22m13) if r = 2m+ 1.
In this case, (2.2) in Conjecture 2.5 was proved in [BFG03, Theorem 4.2]. In particular,
Θ(π†, ν) is a minimal representation for r = 2, 3. We also remark that for the double cover
GSpin
(2)
2r+1, the equality (2.2) in Conjecture 2.5 was proved by Kaplan [Kap17, Theorem
1]. The computation is similar to the above, and we omit the details.
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5. The archimedean analogue
In this section, we discuss about an analogue of Conjecture 2.5 for archimedean F ,
which in fact motivated us to consider the p-adic case in the previous sections.
As a first example, consider F = C and the three-fold cover G
(3)
2 of G2, which splits
over G2. It follows from [Sav93] that Θ(π
†, ν) is a minimal representation. Now we check
that the formal analogue of Conjecture 2.5 holds in this case. A simple computation gives
Φ+ν = {α
∨
1 , 3α
∨
2 + α
∨
1 , 3α
∨
2 + 2α
∨
1 } ,
the set of long positive coroots in Φ∨+, and furthermore we have
jWWν (εν) = φ
′′
1,3,
where φ′′1,3 is the standard-labelled representation with character values given in [Car93,
Page 412]. This gives
OSpr(φ
′′
1,3) = Omin,
see [Car93, Page 427]. Thus, we have a formal analogue of Conjecture 2.5 for this Θ(π†, ν).
In the remaining of this section, we assume F = C or R (and in the latter case n = 2)
and summarize some known results. In particular, the main result is Theorem 5.6. It
gives the desired archimedean analogue of Conjecture 2.5, see the discussion in §5.4.1.
5.1. Wave front set and associated variety. Let G be a reductive Lie group with
maximal compact subgroup K, and let GC and KC be the complexification of G and K.
Denote g, k, gC and kC to be the Lie algebra of G,K,GC and KC, respectively. Let π
be an irreducible admissible representation π of G, we briefly recall the two invariants of
cycles associated with it, one defined analytically and the other algebraically.
In [BV80], one has for π an asymptotic expansion for the character expansion χπ in a
neighborhood of 0 in g, of the form
χπ ∼
∞∑
i=−r
Di
with {Di} being a set of tempered distributions on g. The asymptotic support
AS(χπ) ⊂ g
∗
is defined to be the union of the supports of the Fourier transforms D̂i. It is known that
AS(χπ) is a union of nilpotent orbits. Identifying g with its dual g
∗ by the Cartan-Killing
form, we view AS(χπ) ⊂ g and define
Ntr(π) = {O ∈ N : O ⊂ AS(χπ)} ,
where N denotes the set of nilpotent orbits in g. The set Ntr(π) coincides with the wave
front set of π defined by Howe in [How81], as was proved by Rossmann (see [Ros95a,
Ros95b]).
The Fourier transform of the leading term in the asymptotic expansion of χπ is a linear
combination of invariant measures µO taking the form∑
O∈Nmaxtr (π)
cO · µO,
where 0 6= cO ∈ C and N
max
tr (π) ⊂ Ntr(π) is a certain subset. One thus defines the
wavefront cycle of π as the following finite sum
WFC(π) =
∑
O∈Nmaxtr (π)
cO · O.
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On the other hand, we can attach nilpotent orbits to π with an algebraic method (see
[Vog91] for more details). Consider the Harish-Chandra (gC, K)-module V associated
with π. Let U(gC) be the enveloping algebra of gC, and let Uk ⊂ U(gC), k > 0 be the
subspace spanned by products of at most k elements of gC. Then V admits a “good
filtration”
V0 ⊂ V1 ⊂ · · ·Vk ⊂ · · · ,
with Vk = Uk · V0. Relative to this filtration we form an associated graded space gr(V )
as a module over gr(U(gC)). We identify gr(U(gC)) with the symmetric algebra S(gC)
by the Poincare´–Birkhoff–Witt theorem. Moreover, gr(V ) can be viewed as a module
over S(gC/kC) since the action of kC preserves the filtration of V and hence the ideal
generated by kC in S(gC) annihilates gr(V ). The associated variety of π is defined to be
AV(π) = {λ ∈ g∗
C
: p(λ) = 0 whenever p ∈ Ann(gr(V ))},
which is a subset of (gC/kC)
∗. By Kostant and Rallis [KR71], AV(π) is a (finite) union of
nilpotent orbits in (gC/kC)
∗. Identifying coadjoint orbits with adjoint orbits, and using
the Sekiguchi correspondence to identify the nilpotent KC-orbits in (gC/kC)
∗ with the
nilpotent G-orbits in g∗, we define the set
Nalg(π) = {O ∈ N | O ⊂ AV(π)} .
Let Nmaxalg (π) be the set of maximal elements in Nalg(π). Then one can define the associ-
ated cycle of π to be
Ass(π) =
∑
O∈Nmaxalg (π)
bO · O,
where bO denotes the rank of the sheaf gr(V ) along OKC . It follows from the result of
Schmid and Vilonen [SV00] that
WFC(π) = Ass(π);
in particular, Nmaxtr (π) = N
max
alg (π).
Motivated from this, we will concentrate on the algebraic invariants Nalg, N
max
alg for the
following reasons:
– If we consider a cover G of G, then the Barbasch–Vogan character expansion of an
irreducible genuine π is expected to hold. However, as the details have not been
checked in the literature, we exert some caution and do not make an assumption
of it.
– On the other hand, the invariants defined algebraically could be well adapted for
covering groups, as the algebraic invariants depend more on the action of the Lie
algebra and enveloping algebra of G, which are the same as G.
Thus, in the remaining of this section, we will explore extensively the pertinent work
obtained from the algebraic method.
5.2. Some invariants. For more details of this subsection, we refer the reader to [BV82,
BV83,BV85]. We assume that gC is an arbitrary complex semisimple Lie algebra, with
enveloping algebra U(gC). Let h be a Cartan subalgebra of gC, and Φ(gC, h) the associ-
ated roots. Let W be the Weyl group.
5.2.1. Primitive ideals. An ideal I of U(gC) is called a primitive ideal if it is the anni-
hilator of a simple U(gC)-module V. We say that the primitive ideal I = Ann(V ) has
infinitesimal character λ ∈ h∗ if V has infinitesimal character λ. Let Prim(U(gC)) be the
set of primitive ideals in U(gC), and let
Primλ(U(gC))
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be the subset of those with infinitesimal character λ. Define
Φλ = {α ∈ Φ(gC, h) : 〈α
∨, λ〉 ∈ Z} ,
Φ+λ = {α ∈ Φλ : 〈α
∨, λ〉 > 0} ,
∆λ = simple roots of Φ
+
λ
Wλ =W (Φλ), the integral Weyl group of λ.
We choose a positive root system Φ+ = Φ+(gC, h) such that
Φ+ ⊇ −Φ+λ ;
that is, we assume λ is negative. For w ∈ Wλ, we put
(i) b = h+ n, with Φ(n, h) = Φ+,
(ii) M(wλ) = U(gC)⊗U(b) Cwλ−ρ,
(iii) L(wλ) = the irreducible quotient of M(wλ),
(iv) I(wλ) = Ann(L(wλ)), the annihilator of L(wλ) in U(gC).
We may write I(w) := I(wλ) for brevity, whenever λ is understood.
Proposition 5.1 ([Duf77]). The map Wλ → Primλ(U(gC)) given by w 7→ I(w) is sur-
jective.
The following result associates a primitive ideal to a special Weyl group representation.
Theorem 5.2 ([BV82, Theorem D], [BV83, Theorem 1.1]). Suppose λ ∈ h∗ is regular,
and I ∈ Primλ(U(gC)). Then Joseph’s Goldie rank representation [Jos80] σI ∈ Irr(Wλ)
is a special representation of Wλ in the sense of Lusztig [Lus79]; also, every special
representation of Wλ occurs as a Joseph’s Goldie rank representation.
We define the associated variety of I ∈ Primλ(U(gC)) as in §5.1. More precisely, let
gr(I) ⊂ S(gC) be the associated graded ideal in the symmetric algebra S(gC). Then
AV(I), the associated variety of I, is defined to be the zero variety of gr(I) inside g∗
C
. It
is well-known that AV(I) is the closure of a single nilpotent orbit in gC, which we recall
is identified with g∗
C
.
Remark 5.3. Consider an irreducible Harish-Chandra (gC, K)-module (π, V ), where K
is the maximal compact subgroup of a certain group G with Lie(G) ⊗ C = gC. Here π
can be viewed as an irreducible admissible representation of G. Let Iπ := AnnU(gC)(V ).
Then
AV(Iπ) = GC · AV(π).
This remark works for both linear and covering groups.
5.2.2. Cells and the Springer correspondence. Assume λ ∈ h∗ is regular. We recall the
cell decomposition on Wλ as follows. We first define relations 6L and 6R on elements in
Wλ by setting
w1 6L w2 ⇐⇒ I(w1) ⊆ I(w2), (see notation in Proposition 5.1)
and
w1 6R w2 ⇐⇒ w
−1
1 6L w
−1
2 .
The smallest relation containing 6L and 6R is denoted by 6LR. The set
C
L
w = {w
′ ∈ Wλ : w 6L w
′}
is called the left cone over w. Similarly, we define C
R
w, C
LR
w using 6R and 6LR respectively.
We also define
w1 ≈L w2 ⇐⇒ I(w1) = I(w2) ⇐⇒ w1 6L w2 6L w1,
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and similarly ≈R,≈LR. The equivalence classes of ≈L (respectively, ≈R and ≈LR) are
called the left (respectively, right and two-sided) cells. The three cells containing w are
denoted by
CLw, C
R
w and C
LR
w ,
respectively.
To define the cell decomposition on Irr(Wλ), we first consider
V
L
w :=
⊕
w′∈C
L
w
C · L(w′λ) ⊆ C[Wλ],(5.1)
KLw :=
⊕
w′∈C
L
w
w′ 6∈CLw
V
L
w′ ⊆ V
L
w,(5.2)
V Lw := V
L
w/K
L
w.(5.3)
Similarly, we define the analogues of these objects decorated by R or LR for their super-
scripts. Here V Lw affords a natural representation of Wλ, similarly for V
R
w and V
LR
w , see
[BV83, Corollary 2.11].
If I(w) ∈ Primλ(U(gC)), then V Lw (resp. V
LR
w ) is called the left cell (resp. double cell)
representation of Wλ associated with I(w). For σ1, σ2 ∈ Irr(Wλ), we use
σ1 6LR σ2
to mean that σ1 ⊗ σ1 (the double representation) occurs in V LRw and that σ2 ⊗ σ2 occurs
in V
LR
w . Thus,
σ1 ≈LR σ2 ⇐⇒ σ1 ⊗ σ1 and σ2 ⊗ σ2 occur in a common V
LR
w .
The double cells in Irr(Wλ) are the ≈LR equivalence classes.
Consider the multiset
{dim(σ) · σ | σ ∈ Irr(Wλ)} .
A PI cell in this multiset is a submultiset {mσ · σ} such that
∑
mσσ is a left cell repre-
sentation. Denote by P(CL) the PI cell attached to a left cell CL. Note that P(CL) ≃ V Lw
for some w. Clearly, we have a decomposition of Irr(Wλ) into the double cells and
{dim(σ) · σ : σ ∈ Irr(Wλ)} =
⊔
left cells CL
P(CL).
Proposition 5.4. [BV83, Corollary 2.16]
(a) Each double cell in Irr(Wλ) contains exactly one special representation (equiva-
lently, a Goldie rank representation) of Wλ.
(b) Each PI cell (or every left cell representation) contains exactly one Goldie rank
representation with multiplicity one.
For w ∈ Wλ, the τ -invariant of w is defined to be
τ(w) =
{
α ∈ Φ+λ | wα 6∈ Φ
+
λ
}
∩∆λ.
The Borho–Jantzen–Duflo τ -invariant of I(wλ) ∈ Primλ(U(gC)) is then
τ(I(wλ)) := τ(w).
It is known (see [BV83, Corollary 2.19]) that this τ -invariant depends only on the ideal
I(wλ), and thus we have a well-defined order-preserving map
τ : Primλ(U(gC)) −→ ∆λ.
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Proposition 5.5. Suppose I := I(wλ) ∈ Primλ(U(gC)). If the τ -invariant of I is
maximal (i.e., τ(I) = ∆λ), then σI = εWλ.
Proof. Let I = Ann(L(wλ)). It follows from [BV83, Proposition 2.20] that
wα · L(wλ) = −L(wλ)
for all α ∈ τ(w), where wα is the simple reflection of α. This means that the left cell
representation V Lw contains a sign representation of Wλ. Since εWλ is special, we must
have σI = εWλ by Proposition 5.4. 
Now we relate these notions to nilpotent orbits. Let NgC be the set of nilpotent classes
of gC. Let O ∈ NgC . Recall that the Springer correspondence gives an injective map
Spr−1
1
: NgC Irr(W ).
Every special representation σ of W (in the sense of Lusztig) lies in the image of Spr−1
1
,
and thus is associated with the nilpotent orbit OSpr(σ) via the Springer correspondence.
If λ ∈ h∗ is integral, then Wλ = W . By Proposition 5.4, a left cell representation V Lw
contains a unique special representation σ(w) ∈ Irr(W ) with multiplicity one. We write
O(w) := OSpr(σ(w)) ∈ NgC
for the nilpotent orbit in determined by this left cell representation via the Springer
correspondence.
For general σ ∈ Irr(Wλ), we recall the representation jWWλ(σ) ∈ Irr(W ) obtained from
the truncated j-induction (see [LS79] or [Car93, §11.2]). This j-induction takes special
representations of Wλ to special representations of W , see [Car93, Proposition 11.3.11].
The following is the key fact which gives an archimedean analogue to Conjecture 2.5.
Theorem 5.6. Let gC be a complex semisimple Lie algebra. Let I ∈ Primλ(U(gC)) with
λ regular. Let σI be the Goldie rank representation associated with I. Then there is a
nilpotent orbit O ∈ NgC such that
Spr−1
1
(O) = jWWλ(σI).
Furthermore, the orbit O is dense in AV(I). Consequently, we have the following com-
mutative diagram:
O jWWλ(σI)
I σI .
Spr−1
1
σ
AV j
The left vertical arrow in the diagram means AV(I) = O.
Proof. Let m be the Levi factor of gC determined by λ. WritingW (m) for the Weyl group
of h in m, one has W (m) = Wλ. It follows from Proposition 5.1 that a primitive ideal
I ∈ Primλ(U(gC)) is of the form
I = I(wλ) = Ann(L(wλ))
for some w ∈ Wλ. Let σI ∈ Irr(Wλ) be the Goldie rank representation of I (see Theorem
5.2).
Let V Lm (w) be the left cell representation for w ∈ W (m). Let Om(w) = OSpr(σI) be the
nilpotent orbit associated with V Lm (w) in Nm. Write Om := Om(w) for brevity. One has
Spr−1
1
(Om) = σI .
Since σI is a special representation of Wλ, j
W
Wλ
(σI) is a special representation of W
(by [Car93, Proposition 11.3.11]). Hence, there is a nilpotent orbit O ∈ NgC such that
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Spr−1
1
(O) = jWWλ(σI). The orbit O is in fact induced from Om in the sense of Lusztig and
Spaltenstein (cf. Definition 4.12 and Proposition 4.14 in [BV85]), that is,
O = IndgCm (Om).
Thus, d(O) = d(Om), where d(O) = |∆+| −
1
2
dimO and d(Om) = |∆+| −
1
2
dimOm. We
deduce that dimO = dimOm, and therefore O is dense in AV(I). 
Remark 5.7. Suppose G is a semisimple real (linear or covering) group with complexified
Lie algebra gC. Let π be an irreducible admissible representation of G with infinitesimal
character λ. By Theorem 5.6, a nilpotent orbit O ∈ NgC is associated to π using the
composite of the following maps:
(5.4) π 7→ Iπ := Ann(π) 7→ σI 7→ j
W
Wλ
(σI) 7→ OSpr(j
W
Wλ
(σI)).
This composite of functions gives AV(Iπ) = OSpr(jWWλ(σI)).
If G is a complex group viewed as a real group, then gC ≃ g × g, with Lie(G) = g.
There are two primitive ideals of U(gC) associated to an irreducible admissible π, denoted
by LAnn(π) and RAnn(π), the left annihilator and right annihilator of π (see §5.3 below).
We use Iπ = LAnn(π) in (5.4) to obtain
AV(π) = AV(Iπ) = OSpr(jWWλ(σI)).
In the remaining of this section, we will give some elaborations on the complex and
real cases separately.
5.3. Complex case. Let G be a connected complex semisimple group (viewed as a real
group) with Lie algebra g. We first recall the Langlands classification for G. Consider
the following data:
• θ the Cartan involution, K = Gθ, g = k+ p the Cartan decomposition,
• b = h+ n a Borel subalgebra,
• h = t+ a a Cartan subalgebra, with t ⊂ k, θ|a = −id,
• W =W (Φ(g, h)) the Weyl group.
For λL, λR ∈ h∗, we write
X(λL, λR) = Ind
G
B(Cµ ⊗Cν)
for the principal series representation with infinitesimal character (λL, λR), where Cµ⊗Cν
is a character of H with
Cµ ⊗Cν |T = Cµ = CλL−λR,
Cµ ⊗Cν |A = Cν = CλL+λR.
Set X(λL, λR) to be the unique irreducible subquotient containing K representation of
extremal weight µ = λL − λR. Then every irreducible admissible representation of G is
of the form X(λL, λR) for some λL, λR.
Note that gC ≃ g× g. For an irreducible admissible representation π = X(λL, λR), the
annihilator of π in U(gC) is of the form
Ann(π) = I1 ⊗ U(g) + U(g)⊗ I2,
where I1 ∈ PrimλL(U(g)) and I2 ∈ PrimλR(U(g)). These primitive ideals are denoted by
LAnn(π) := I1, RAnn(π) := I2,
called the left and right annihilators of π.
Suppose λ,−ξ ∈ h∗ are dominant integral. Let R(λ, ξ) be the Grothendieck group
of formal characters of G having infinitesimal character (λ, ξ). Then {X(λ, wξ)} (or
WAVEFRONT SETS FOR THETA REPRESENTATIONS 27
{X(λ, wξ)}) can be chosen to be a basis for R(λ, ξ). Therefore, R(λ, ξ) can be identified
with C[W ] as follows: ∑
w∈W
cww ←→
∑
w∈W
cwX(λ, wξ).
The regular representation ofW×W onC[W ] is identified with the coherent continuation
of W ×W on R(λ, ξ):
(5.5) (w1, w2) ·
(∑
w
cww
)
=
∑
w
cw(w1ww
−1
2 ) =
∑
w
cw−11 ww2w.
We want to describe a decomposition of R(λ, ξ) into cells described as in §5.2.2. The
main fact regarding the left cones is that they are invariant under the action in (5.5), i.e.,
(w1, 1) ·X(λ, wξ) =
∑
w′∈C
L
w
aw′X(λ, w
′ξ).
Similar to (5.1), (5.2) and (5.3), we set
V
L
w = Span{X(λ, w
′ξ) | w′ ∈ C
L
w} ⊂ R(λ, ξ),
KLw = Span{X(λ, w
′ξ) | w′ ∈ C
L
w, w
′ 6∈ CLw},
V Lw = V
L
w/K
L
w.
Adopting the same terminology, V Lw is called a left cell representation. Similarly, we also
have V Rw , V
LR
w , which are called a right cell representation and double cell representation,
respectively.
Thus
(5.6) R(λ, ξ) ≃
⊕
left cells
V Lw
as a left representation of W , and
(5.7) R(λ, ξ) ≃
⊕
double cells
V LRw
as a representation of W ×W .
The following theorem illustrates an example of Theorem 5.6 in the complex case when
the infinitesimal characters are integral.
Theorem 5.8 ([BV85, Theorem 3.20]). Fix w ∈ W . Then the left cell representation V Lw
(see (5.6)) contains a unique special representation σ(w) ∈ Irr(W ) with multiplicity one.
Let O(w) = OSpr(σ(w)) be the nilpotent in g∗ associated with σ. Then for any dominant
integral regular weights λ and −ξ, one has
AV(X(λ, wξ)) = O(w).
In the theorem above, AV(X(λ, wξ)) can be identified with the associated variety of
LAnn(X(λ, wξ)).
Example 5.9. We recall some results from [BT18b]. Let G = Spin2r(C), which is
viewed as a real group. According to [Bar17], a nilpotent orbit O can be associated with
an infinitesimal character λO which satisfies certain conditions (see [Bar17, §2.3]). The
fact is that O is the minimal orbit which can be the associated variety of a (g, K)-module
with infinitesimal character (λL, λR), with λL and λR both conjugate to λO.
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We denote by UG(O, λ) the set of irreducible admissible representations of G attached
to O and λ = λO. We consider the following two cases:
(a) (b)
O = (322m−21), r = 2m O = (322k12r−4k−3), r = 2m or 2m+ 1
λ =
(
m−
1
2
, . . . ,
3
2
,
1
2
| m− 1, . . . , 1, 0
)
λ =
(
k +
1
2
, . . . ,
3
2
,
1
2
| r − k − 2, . . . , 1, 0
)
Wλ = W (Dm ×Dm) Wλ =W (Dk+1 ×Dr−k−1)
In both cases, every π ∈ UG(O, λ) is of the form π = X(λ,−wλ) for some w. We verify
that these representations are indeed attached to O by Theorem 5.6. Let π ∈ UG(O, λ)
with Iπ = LAnn(π). Note that Iπ = Iˇ(−wλ), where the caret denotes the principal
antiautomorphism of U(g) (see [BV85]). It can be checked readily that wα ∈ Φ+λ for all
α ∈ ∆λ, and hence Iπ has maximal τ -invariant. Accordingly, σIπ = εWλ by Proposition
5.5.
We compute
(5.8) jWWλ(εWλ) =
{
(∅; 2m) in case (a),
(∅; 2k+11n−2k−2) in case (b).
In (5.8), the unordered pairs of partitions are representations of W (Dr). Furthermore,
the nilpotent orbit associated to (5.8) in each case is
(5.9) OSpr(j
W
Wλ
(εWλ)) =
{
(322m−21) in case (a),
(322k12r−4k−3) in case (b),
as desired. This verifies that
AV(Iπ) = AV(π) = OSpr(jWWλ(εWλO )),
where Iπ = LAnn(π).
There is an analogue of real groups regarding these nilpotent orbits. See [BT18a] for
more details.
5.4. Real case. Let G be the nonlinear double cover of the real points G of a simply con-
nected, semisimple complex Lie group. Here G may not be a split real group. In [Tsa19],
a set of irreducible small representations of G with a certain infinitesimal character λ is
introduced, which we denote by ∏s
λ(G).
If G is simply laced, then λ = ρ/2; otherwise, see [Tsa19, Table 1] for the tabulation of
λ. The condition for being small is characterized by the “maximal τ -invariant” property,
which implies that the coherent continuation representation of Wλ acts on π ∈
∏s
λ(G)
by the sign character εWλ . By Vogan’s theory (see [Vog83]), the τ -invariant defined on
an irreducible representation π coincides with the τ -invariant defined on its associated
primitive ideal Ann(π) (see §5.2.1). It follows from Proposition 5.5 that for π ∈
∏s
λ(G),
the primitive ideal Iπ := Ann(π) has the Goldie rank representation σIπ = εWλ. Conse-
quently, we have
AV(Iπ) = O with O = OSpr(j
W
Wλ
(εWλ)),
by Theorem 5.6. See [Tsa19, Table 1] for the list of such O’s. The above discussion thus
assigns to every π ∈
∏s
λ(G) a complex nilpotent orbit O.
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5.4.1. The split case. We further assume that G is the split real form of a connected,
semisimple, simply connected complex group GC. Such G admits a unique nonlinear
double cover G. In [ABP+07], the pseudospherical principal series representation is de-
fined as (following the notations in loc. cit.)
I(δ˜, ν) = IndG
B
(δ˜ ⊗ eν),
where B =MA0N is the covering of the Borel subgroup B = MA0N of G, δ˜ is a genuine
representation of G, and eν is a character of A0. Note that M = B ∩K ∼= Zn2 with n the
rank of G, whereas M is not abeliean in general. Write J(δ˜, ν) for the unique irreducible
quotient of I(δ˜, ν). Here J(δ˜, ν) is just the theta representation Θ(π†, ν) discussed earlier
in the paper.
Since G is split, every J(δ˜, λ) discussed in [ABP+07] is contained in
∏s
λ(G). Fur-
thermore, with the additional assumptions that G is simply-laced, all representations in∏s
λ(G) are constructed from J(δ˜, ρ/2) by applying the Cayley transforms, see [Tsa19]. In
any case, we have a nilpotent orbit O naturally associated to J(δ˜, λ). As mentioned, this
actually motivated the formulation of Conjecture 2.5. We remark that there are small
representations of G attached to O other than those J(δ˜, λ) studied in [ABP+07].
5.4.2. Non-split case. The examples that we have considered so far are special cases of
Theorem 5.6. One important feature is that the representation of Wλ arising is εWλ ,
which follows from the composite:
π 7→ Iπ 7→ σI = εWλ.
Now we give another example of Theorem 5.6, for which the representation σI is not the
sign character. In a certain sense, this example lies beyond the scope of Conjecture 2.5
and its real analogue. This example concerns covers of not necessarily split groups.
Example 5.10. We recall some main results from [Tra04]. Consider
G = Spin(2m, 2l − 2m),
the (nonlinear) universal cover of the identity component of SO(2m, 2l − 2m), with 2 6
m 6 l/2. In [Tra04], for s > 0, a series of irreducible representations π′s are constructed
as derived functor modules. The infinitesimal character of π′s is
νs =
(
0, 1, . . . , l −m− 1︸ ︷︷ ︸
l−m
,
∣∣∣s
2
−m
∣∣∣ , ∣∣∣s
2
−m+ 1
∣∣∣ , . . . , ∣∣∣s
2
− 1
∣∣∣︸ ︷︷ ︸
m
)
.
Here νs is integral if s is even; otherwise, the integral Weyl group of νs is of type Dm ×
Dl−m. Define the following complex nilpotent orbits:
O(s) =

(3m12l−3m) if s > m,
(3s22m−2s12l−4m+s) if 0 6 s 6 m and (l, s) 6= (2m, 0),
(22m−214) if s = 0 and l = 2m.
Then AV(Iπ′s) = O(s), where Iπ′s := Ann(π
′
s). This fits into the diagram in Theorem 5.6
as follows.
• If s is even, then νs =
1
2
h(O∨), which is integral. Here O∨ is the nilpotent
orbit in the dual algebra g∨ such that d(O∨) = O(s), where d : N ∨ → N is
the duality map of Spaltenstein (see the appendix in [BV85], for example), and
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h(O∨) is the semisimple element of a Jacobsen–Morozov triple for O∨. We have
the commutative triangle
O(s)
Iπ′s σI .
Spr−1
1
AV
σ
If 0 6 s 6 m+1, then the primitive ideal Iπ′s is the maximal ideal at infinitesimal
character νs. In such case, Iπ′s is called special unipotent, and so is π
′
s.
• If s is odd, then νs is nonintegral and Wνs =W (Dm ×Dl−m). We have
O(s) Spr−1
1
(O(s))
Iπ′s Spr
−1
1
(2s−112m−2s+2)⊠ Spr−1
1
(12l−2m).
Spr−1
1
σ
AV j
W
Wνs
Note that it is clear in the second case above, the representation Spr−1
1
(2s−112m−2s+2) is
not the sign character of W (Dm) in general.
6. Some remarks
The main Conjecture 2.5 is stated for Θ(π†, ν) for p-adic F only in the tame case. One
reason is that for p ∤ n, the set XQ,n is the “moduli space” of the space of Whittaker
functional of the genuine principal series I(π†, ν); in particular,
dimWhψ(I(π
†, ν)) = |XQ,n| .
However, if p|n, then (2.2) is still expected to hold, but (2.3) might fail.
It is possible to incorporate the archimedean counterpart (as discussed in §5.4.1) into
the statement of Conjecture 2.5, at least regarding (2.2), if we assume a Barbasch–Vogan
character expansion for covering groups. However, since the discussion in §5 utilizes
the algebraic invariants instead, the results in §5.4.1 prove only a natural archimedean
analogue of Conjecture 2.5. It is desirable to fill this “gap” by checking the following:
– the Barbasch–Vogan character expansion holds for covering groups, as mentioned
in §5.1, and thus one has the analytic invariants Ntr(π),Nmaxtr (π) for genuine
representation π; and
– as in the linear algebraic case, these analytic invariants agree with the their alge-
braic counterpart.
It is also possible to unify the p-adic and archimedean cases in the statement of Con-
jecture 2.5 by using the generalized or degenerate Whittaker module of Θ(π†, ν), which
we recall is defined for all local fields. Indeed, to every nilpotent orbit O ⊂ g and genuine
irreducible representation π of G, one can associate a certain generalized Whittaker space
πO (see [JLS16,GGS17,GGS,GS19]) and thus define
NWh(π) = {O ∈ N : πO 6= 0} .
Consider the subset NmaxWh (π) ⊂ NWh(π) consisting of maximal elements. Then Conjec-
ture 2.5 could be stated by using NmaxWh instead. The advantage of this perspective is
that it applies to all local field F and covers G simultaneously. In the p-adic setting, its
relation with Nmaxtr (π) is the content of [MW87,Var17,Li12,PP15]. However, to the best
of our knowledge, in the archimedean setting, the relation between NWh(π) and Nalg(π)
has not been understood completely, even for linear group G. We refer the reader to the
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excellent exposition [GS19] and the references therein for a review on recent advance and
open questions on the theory of generalized Whittaker space.
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